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Abstract: In this paper we discuss the Burton and Miller’s boundary integral formulation of the exterior Neumann 
problem for the Helmholtz equation, which is uniquely solvable for all frequencies as well as a similar formulation of 
Brakhage and Werner, Lies and also Panich, for the exterior Dirichlet problem. We present an iterative procedure for 
the efficient solution of the full linear systems arising from the discretisation of such boundary integral equations. 
Numerical results will also be presented for the Neumann problem for a class of axisymmetric ellipsoids. 
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1. Introduction 
Boundary element methods are popular in solving many boundary value problems of mathe- 
matical physics, see [5]. In particular when the domain of interest is of infinite extent, boundary 
element methods offer obvious advantage over domain methods such as finite element and finite 
difference methods, as the dimensionality of the problem is effectively reduced by 1. 
We consider boundary element methods for both the exterior Dirichlet as well as the exterior 
Neumann problem for the Helmholtz equation, arising in many fields, such as underwater 
acoustics, aeronautics and electromagnetics. In practice one is interested in solving such 
problems for a range of values of a parameter, such as the acoustic wavenumber k, in order to 
analyse the sound radiation behaviour of a given structure. In this paper we shall exploit the 
information about the solution for a given value of the parameter k = ki say, in order to solve 
the problem iteratively and efficiently for some range of k > k;. 
In Section 2, we discuss the boundary integral formulations of the exterior acoustic problem, 
bringing together much of the knowledge in this field in a concise form. Then we discuss the 
problem of existence and uniqueness of the solutions as well as considerations on the condition- 
ing of the equations. In Section 3, we present an overview of the commonly used discretisation 
techniques in this field, together with a brief description of the method actually employed in this 
paper to obtain the numerical results. The iterative process for solving the linear systems arising 
from the discretisation of the integral equations is discussed in Section 4, while in Section 5, we 
present some numerical results to demonstrate the effectiveness of the process. 
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2. Formulation 
Let S be a closed bounded surface in Iw3, belonging to the class C*. Let also D and E denote 
the interior and exterior of S respectively. The problem under consideration here is the solution 
of the Helmholtz equation 
(v’+ k2)@,(p) = 0, p E E, Re(k), Im(k) z 0 (2.1) 
where in the field of acoustics k = W/C is the acoustic wavenumber, w being the angular 
frequency and c the speed of sound in the infinite homogeneous medium E. The scalar 
complex-valued function !Dk( p) represents the excess acoustic pressure or the velocity potential 
at a point p = ( rp, Op, $,) E R3. In what follows n denotes the unit normal to S directed into E. 
For uniqueness of the solution of (2.1), Qk( p) must satisfy, as well as a boundary condition 
such as 
a%(P)@ =f(Ph P E s, (2.2) 
or 
@k(P) =f(P)Y P E s, (2.3) 
the Sommerfeld’s radiation condition 
lim r 
rp-+m p 
(24 
Initially we concentrate on the exterior Neumann problem (2.1), (2.2) and (2.4). For a radiating 
wave function (solution of (2.1) and (2.4)) the standard Helmholtz integral formula for the 
exterior region, based on Green’s second identity is given by 
0 
O,(P$+,(P, d - j+@,(d%(~, 4) d&= 
} i 
@k(P), PEE, (2Sa) 
t@,h), P ES, (2.5b) 
S 4 4 
0, PED, (2sc) 
where 
Gk( p, q) = eiklP-q1/4.rr 1 p - q 1 P-6) 
is the fundamental solution to the Helmholtz equation in [w3. 
Let us introduce the single and double-layer integral operators L, and Mk and their respective 
derivatives (a/an) L, and (a/an)M, as follows, 
L,~P) = @P> d+d dSq> P E R3, (2.7) 
W~P) = I$+&%(P~ +~(d dSq, P E R3, (2.8) 
9 
and 
(2.10) 
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where u is a density function defined on S. Equation (2.5b) is known as the Surface Helmholtz 
Equation (SHE) and is a boundary integral equation of the second kind, relating surface values 
of ?Dk and a@,/an. In operator notation (2.5b) can be written in the form 
(-3 + W@,(P) =&$%(P) =&f(P) =fi(P). (2.11) 
Once @, has been obtained on S, (2.5a) can be used to yield the solution to the exterior 
Neumann problem in the form 
@k(P) = J4f@k(P) - +$%CP), P E E. (2.12) 
Equation (2.11) is a second kind integral equation with a weakly singular kernel and therefore 
the Fredholm-Riesz theory can be invoked on the questions of existence and uniqueness. 
It is well known that for a countable set Is of values of k, the operator Mk will have 4 as one 
of its eigenvalues and therefore at such frequencies (2.11) suffers from non-uniqueness. Conse- 
quently, as k approaches any of these so-called irregular frequencies in the set I,, [I(- 5 + 
Mk)-’ ]I approaches infinity. In general I, is not known in advance, although as k increases the 
number of these frequencies increases rapidly. For example, for a unit sphere the number of the 
irregular frequencies in the intervals (0, 5), (5, lo), (10, 15), (15, 20) and (20, 25) are 2, 8, 13, 21 
and 28 respectively. These frequencies are the zeros of spherical Bessel functions, see [17]. 
In general numerical methods for the solution of (2.11) reduce to that of solving an n x n 
complex-valued linear system 
A,a, = 6, (2.13) 
for the coefficients in the expansion 
(2.14) 
where +n,k is an approximation to Qk(p) and qi(p) are some appropriate basis functions. The 
effect of being near these irregular frequencies is two fold. Firstly, bounds on the error 
II @, - +n,k II depend upon IK- i + NJ1 II and therefore to retain a certain degree of accuracy 
in our numerical approximation, we need to use a much larger n, near such frequencies. 
Secondly, the condition number ]I A, II II Ai1 II of A, in (2.13), is in general very large near these 
frequencies and therefore (2.13) cannot be solved accurately. 
Clearly it is necessary to develop integral equation formulations which are valid for all k. 
Many authors [12,13,24,25] have suggested formulations using modified Green’s function, though 
they do not seem attractive for numerical calculations. For the exterior Neumann problem the 
most commonly used formulation in place of (2.11), is due to Burton and Miller [7] and takes the 
form 
(2.15) 
where in theory (Y need only be a purely imaginary constant, often (Y = i is used, (see also [6]). 
Once (2.15) is solved for ak, we use (2.12) to obtain the solution in E. 
The integral operator Nk in (2.15) is not a compact operator [18,23] over most commonly used 
spaces and therefore we can not invoke the Fredholm-Riesz theory to prove existence and 
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uniqueness. This however has been directly proved in [7] and the more recent work of [23] gives a 
more rigorous account of it. (See [16,20,22] for a numerical treatment of (2.15)). 
Compact operators also known as smoothing operators, have many desirable properties. If M 
is compact, then M+(p) is in general smoother than G(p). Compact operators have a countable 
set of eigenvalues with no point of accumulation except at 0. These are some of the desirable 
properties that can affect the accuracy and also the efficiency of the numerical methods. For 
example, due to the operator Nk, the integrals arising in the numerical solution of the integral 
equation (2.15) are highly singular and furthermore the linear systems (2.13) arising from 
discretisation of (2.15) have undesirable eigenvalue distributions which makes them unsuitable 
for solution by some iterative procedures, see [6]. 
The price one has to pay in order to work with compact operators is extra computational cost 
in dealing with product of operators. Burton [6] suggested a regularization of the non-compact 
operator Nk, using an identity of Panich [19]. Briefly, the equation (2.15) is replaced by 
{-4+M,+a[L,(N,-N,)+(M,-t)(M,+~)]}~,(p) 
(2.16) 
In (2.16) all the operators are compact with weakly singular kernels and therefore much more 
amenable to accurate numerical approximations; (see [l] for numerical results using (2.16)). 
The commonly used boundary integral formulation for the exterior Dirichlet problem, which 
is valid for all wavenumbers was suggested by Panich [19], Brakhage and Werner [4] and Leis 
[15]. The formulation is based upon seeking the unique solution to (2.1), (2.3) and (2.4) in the 
form 
@,(P)=(~+PL)~P), PEE 
where uk is a density function satisfying the boundary integral equation 
(2.17) 
(~+Mk+PLk)ak(P)=f(P), PES. (2.18) 
/3 is a complex-valued constant often chosen to be -i for Re( k), Im( k) > 0. Let us remark here 
that the coupling parameters (Y in (2.15) and (2.16) and p in (2.18) can indeed be of the form 
(Y = icu,( p) and p = -i&(p) where (pi and pi are arbitrary positive valued functions. Ideally 
one should choose such parameters so as to minimize the condition number of the integral 
operators or the related condition number of the resulting discrete system (2.13). This is a 
difficult problem and the work of [14] on the choice of /3 in (2.18) for simple structures is 
relevant. Our experience with the condition number of the discrete systems (2.13) (i.e. the ratio of 
the largest to the smallest singular value of the matrices) arising from (2.16) and (2.18) indicate 
that the choice of (Y and p is in general not very crucial and (Y = i and p = -i are reasonable 
choices for a large range of k and surfaces; see Section 5. (See [8] for condition number of 
equations arising from first kind integral equations). 
3. Numerical techniques (collocation methods) 
Consider a second kind boundary integral equation 
+(P) - @P> d#(d dSq =f(p). P-1) 
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Let {AS,, AS,,..., AS,,,} be a triangulation of S. We can rewrite (3.1) in the form 
@(P> - $i @P’ 4)+(4) dS,=f(p). (3.2) 
Most commonly used numerical methods in this field are based upon ideas from finite element 
techniques and follow the procedure below. 
(i) Approximate G(p) over AS, by a low order interpolating polynomial 
+(P> Z Z a,,Gij(p), PEAS,, i=1,2 ,..., m 
j=l 
where qij are some basis functions with local supports. (If qij are chosen as Lagrangian 
functions, then aij usually represent approximations to G(p) at the collocation points.) 
(ii) Replace the approximation (3.3) into (3.2) and to find the n = n, + n2 + e.. 
(3.3) 
basis 
+n, 
coefficients aji, collocate at n appropriately chosen points pl, p2,. . . , p, on S. Generally for 
i=l,2 ,..*, m, we choose n, of the collocation points over AS,. 
The above procedure results in an n X n linear system 
Aa=b (3.4) 
where the elements of A involve integrations over AS,, which are usually carried out numerically 
using Gaussian rules or other special rules, see [1,3]. The simplest choice is when n, = 1 for 
i=l,2,. . * > m and the local functions #j1 = 1 over AS, and zero outside AS,. In this case m = n 
and often the collocation points p, are taken as the centroids of the patches AS,. In this case, the 
elements of A are given by 
Ajj = 8;; - 
J *si 
K(P,> d dS,. (3.5) 
The above approximation has been used to obtain the results in this naner. We refer the reader 
to 
4. 
I L 
[l] for more details on this and higher order approximation methods. 
Iterative procedure 
To find an approximate solution to the integral equations (2.16) (or (2.11) for low wavenum- 
bers) or (2.18), for each value of k, we need to solve an n X n complex valued linear system 
A,a, = b,. (4.1) 
Direct methods such as Gaussian elimination requires 0( n3) floating point operations. It is 
however possible to employ multi-grid methods [9,11,21] or other iterative techniques [10,2] to 
reduce this cost to 0( n*) operations, admittedly at a price of additional programming complex- 
ity. 
Here we assume that after solving (4.1) for a given k = ki, knowledge of Ak,’ or sufficient 
information remains available to assist us in solving with different right hand sides. In this case 
we solve (4.1) for some range of k > k;, using 0( n*) operations only. 
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Suppose we are interested in solving (4.1) for k = ki, i = 1, 2,. . . , T with k, < k, < . . . < k,. 
Let us assume that for k = ki, we have solved (4.1) obtaining uk,, by Gaussian elimination; for 
k = k,, j > i, we write (4.1) in the form 
and iterate as follows 
A,&+l)= (A, -A,)@+b,,, 1 i / I r=O, 1, 2 ,... 
(4.4 
(4.3) 
starting with ah:’ = uk,_, (or our best approximation to) the solution of (4.1) with k = kj_l. Each 
iteration of (4.3) requires 0( n2) operations as we assume the knowledge of Ak,’ or equivalent 
information. For the convergence of (4.3) we require the spectral radius of A;‘( A,, - A, ) = I - 
Ak, ‘Ak to be less than unity. In other words we require Ak, ’ 
A sufdcient condition for this is to require 
to be a reasonable estimate’of A<‘. 
II 4, -4, II < 1/llA,1 II- 
Assuming A,, is non-singular, the condition (4.4) will be satisfied provided kj is sufficiently 
close to ki. Clearly, if the linear system (4.1) with k = ki is ill-conditioned, then as a rule 1) A;’ )I 
will be large and therefore (4.4) is likely to be a very stringent condition. In this case however 
A;’ and also uk are likely to be inaccurate and therefore a reformulation of the underlying 
integral equation’in order to improve conditioning, perhaps by changing the coupling parameter, 
should be considered. In general however using (2.16) or (2.18) with cx = i and /3 = -i, the 
subsequent systems (4.1) are generally well-conditioned (see Section 5). As kj - k, increases, 
either the iteration (4.3) will no longer converge or the number of iterations required increases to 
a point that the direct solution is more efficient. 
It is possible to introduce an acceleration parameter ok in (4.3) to yield 
A, ujJ+‘)= A, ( ,- w,A,,)u~’ + qb, . J / i (4.3)’ 
Notice that if ok = 1, (4.3)’ is identical to (4.3). The idea is to choose wk so as to minimise 
11 A,, - akAk, 11 or the spectral radius of (I - o,AL’A,,). In this paper however the iteration (4.3) 
has been used to produce the results in the next section. A good updating criterion for Ak,’ in 
(4.3)’ is important, (so as to stop the iteration and perhaps solve the original system (4.1) directly 
with k = kj), if convergence is slow or impossible; see Section 5. 
5. Numerical results 
Here we present some results for the case of the exterior Neumann problem using the 
formulation (2.16) with (Y = i. The surfaces considered are a family of axisymmetric ellipsoids 
x2/a2 +y2/u2 + z2/b2 = 1. We consider 4 surfaces, namely b/a = 1, 2, 3 and 4. In all cases the 
characteristic length of the surface d = f( a + a + b) is chosen as unity. Clearly b/a = 1, reduces 
to the unit sphere. 
In the literature, exact solutions in closed form, usually as slowly converging infinite series of 
wave functions, can only be obtained in special cases [17]. However, exact solutions for any 
geometry can be generated for problems which are equivalent to those having -acoustic point 
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Table 1 Table 2 
b/a =1 b/a = 2 
kd No. of Average Condition kd No. of Average Condition 
iterations 55, error number iterations % error number 
0.0 0 0.2 1.8 0.0 0 0.2 1.7 
0.25 2 0.2 1.9 0.25 2 0.2 1.8 
0.50 2 0.3 2.0 0.50 2 0.3 1.9 
0.75 3 0.4 2.1 0.75 4 0.4 2.0 
1.0 4 0.4 2.3 1.0 0 0.5 2.2 
1.25 7 0.4 2.6 1.25 2 0.6 2.4 
1.50 0 0.5 3.1 1.50 3 0.9 2.8 
1.75 2 0.8 3.7 1.75 4 0.7 3.2 
2.0 4 0.6 4.4 2.0 8 0.9 3.8 
2.25 7 0.8 5.1 2.25 0 1.1 4.4 
2.50 0 0.7 5.9 2.50 2 1.4 5.1 
2.75 2 1.0 6.6 2.75 3 1.3 5.9 
3.0 3 0.9 6.9 3.0 4 2.0 6.6 
3.25 4 1.1 7.0 3.25 5 2.1 7.1 
3.50 5 1.2 6.7 3.50 8 1.9 7.5 
3.75 6 1.4 5.8 3.75 0 2.0 7.9 
4.0 0 1.2 4.5 4.0 1 2.5 8.0 
4.25 2 2.0 3.2 4.25 2 2.6 7.8 
4.50 8 2.0 3.3 4.50 2 3.2 7.2 
4.75 0 1.7 3.7 4.75 3 3.0 6.7 
5.0 4 2.2 6.0 5.0 3 3.6 6.1 
sources in the interior D, see [l]. Briefly, the field at any location 
sources qj E D with strengths Aj, j = 1, 2,. . . , Q, in the absence of 
G(p)= ~YI~~‘*~P-“~/]~--~~]. pER3. 
j=l 
generated by a set of point 
the structure is given by 
(5.1) 
For p E S, i%+/i3n can be evaluated by reintroducing the body, see [l]. For the results in this 
section we chose the problem equivalent to 1 point source (Q = 1) placed at (x, y, z) = 
(0.2, 0.2, 0.4) with strength 2 + 3i. The surfaces were discretised using 8 longitudinal and 12 
latitudinal subdivisions resulting in n = 96 patches. Furthermore the surfaces have been ap- 
proximated using cubic splines, and all the integrals were carried out numerically, see [l] for 
more details. 
The results in Tables l-4 corresponding to b/a = 1, 2, 3 and 4 are to a large extent self 
explanatory. In our program if convergence of (4.3) has not been achieved in 10 = 6 iterations 
we solve the problem using Gaussian elimination. The calculations were carried out for 
k = kd = O.O(O.235, always using the results of the previous step as the starting value for the next 
one. A zero in the column ‘number of iterations’ indicates that Gaussian elimination has been 
used. Furthermore, if convergence for k = kj has been achieved in n, iterations with 5 -C nj < 10, 
then we solve the problem for k = k,+l directly. The results show that the matrices obtained are 
well-conditioned and also that as the surfaces become elongated or kd increases, the average 
percentage error increases, indicating that we need a larger n to obtain more accurate results. 
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Table 3 
b/a=3 
kd No. of 
iterations 
Average 
% error 
Condition 
number 
0.0 0 0.3 1.8 
0.25 1 0.5 1.8 
0.50 2 0.5 1.9 
0.75 0 0.6 2.0 
1.0 2 0.8 2.1 
1.25 2 0.9 2.3 
1.50 4 1.1 2.5 
1.75 0 1.3 2.9 
2.0 2 1.5 3.3 
2.25 2 2.4 3.8 
2.50 4 1.8 4.4 
2.75 6 2.2 5.0 
3.0 0 2.5 5.6 
3.25 1 2.8 6.4 
3.50 1 4.1 7.1 
3.75 2 4.0 7.8 
4.0 3 4.0 8.3 
4.25 4 4.5 8.7 
4.50 4 4.7 9.2 
4.75 8 4.9 9.4 
5.0 0 5.1 9.4 
Table 4 
b/a = 4 
kd No. of Average Condition 
iterations % error number 
0.0 0 2.4 1.8 
0.25 1 2.1 1.8 
0.50 1 1.5 1.8 
0.75 1 1.6 1.9 
1.0 1 2.5 2.0 
1.25 1 3.8 2.2 
1.50 2 3.7 2.3 
1.75 2 4.6 2.6 
2.0 4 3.9 2.9 
2.25 7 3.9 3.3 
2.50 0 4.4 3.8 
2.75 1 4.4 4.3 
3.0 1 5.2 4.8 
3.25 1 5.9 5.5 
3.50 1 6.5 6.8 
3.75 1 7.0 6.8 
4.0 1 7.2 7.5 
4.25 1 7.6 8.2 
4.50 1 8.1 8.8 
4.75 0 8.7 9.2 
5.0 1 9.1 9.7 
Finally the results indicate that the iterative process (4.3) is efficient and clearly it can be 
further improved by choosing the coupling parameter (Y or /3 so as to minimize the condition 
number of their corresponding integral operators or the resulting discrete systems and also by 
employing (4.3)’ with appropriate choice of the acceleration parameter wk. The appropriate 
choice of (Y, /? and ok will be the subject of future investigations. 
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